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XXVIII. On the Summation of Series, whofe general Term is a 
determinate Function of z the Dijlance from the firjl 'Term of 
the Series. By Edward Waring, M. D. Lucafian Profeffor 
of the Mathematics at Cambridge, and Fellow of the Societies 
of London and Bononia. 



Read May 20, 1784. 

PROBLEM. 

fT'HE fum S being given, to find a feries of which it is the 
fum. 

1 . Reduce the fum S into a converging feries, proceeding 
according to the dimenfions of any fmall quantities, and it is 
done. For example : let any algebraical function S of an un- 
known or fmall quantity x be aflumed, reduce it into a con- 
verging feries proceeding according to the dimenfions of x 9 and 
there refults a feries whbfefum is S. 2. Let A, B, C, &c. be 

algebraical functions of x ; reduce the f Ax, J*Bx, fCx, &c. 

into a converging feries, proceeding according to the dimen- 
fions of x, and the problem is done. 

It is always neceffary to find the values of x, between which 
the abovementioned feriefes converge. Reduce the algebraical 
function S in the firft example, and the algebraical functions 
A, B, C, &c. in the fecond into their loweft terms ; and in iuch 
a manner, that the quantities contained in the numerator 
and denominator may have no denominator : make the deno- 
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minator in the fir ft. example, and the denominator in the fe- 
cond, and every diftincT: irrational quantity contained in them 
refpectively =o ; and alfo every diftincT: irrational quantity con- 
tained in the numerators — o. Suppofe a the leafr. root affir- 
mative or negative (but not — o) of the abovementioned re- 
sulting equations ; then a feries afcending according to the di- 
menfions of x will always converge, if the value of x 
is contained between a and -«; but if x be greater 
than « or - tx, the abovementioned feries will diverge. . Let 
m- be the greater!; root of the abovementioned refulting equa- 
tions; then a feries defcending according to the reciprocal di- 
mensions of x will converge, if x be greater than d=7f, but, if 
lefs, not. When impoffible roots a =*= i>\/ — i are contained in 
the equations, an afcending feries will converge, if a; be lefs 
than the leaf* root r±= «, and =±= (a.~fi) and =*= (<z+i); or 
more generally, if x be lefs than the leanY root =±= «, and x"+ z 
at an infinite diftance n, be infinitely lefs than 

n—i ,, n — t n— 2 »— a .„ 

2<?»-2 . n . a«-zb z +2 • r. . . . — ^«»— 4i 4 -&c. 

2 - 2 3 .4 . . 

a defcending feries will always converge, .when x is '.greater 
than the greatefl root of the refulting; equations ; andx n -' 9 
when n is infinite, is infinitely greater than (a + b) n and (a ~V) n % 

or more generally than 2,a n -2,n . ^~ a*~~ 2 F" -\-zn . — — . ~— . 

4 
This follows from Caput 3. of the Meditationes Algebraicae. 

Cor, It appears from hence, that, if the afcending, feries 
converges, the defcending will diverge; and, vice verfd, if the 
defcending converges, the afcending will diverge, unlefs all the 
roots of the above-mentioned refulting equations may be deemed 

of 
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of equal magnitude, as 4- « and «, a v - 1 , &c. and x = a% 
in which cafe fometimes both feriefes may ' become the fame 
converging feries, &e. 

When x y in the preceding cafes, is equal to the lead or 
greater!: root, the feries will fometimes converge, and fome- 
times not, as is ftiewn in the above-mentioned chapter. Whe- 
ther the fum of a feries, whofe general term is given, can be 
found, or not^ will in many cafes appear from the law of the 
multinomial and other more general feriefes. 

2. There are feriefes which always converge, whatever may 

be the value of x; as, for example, the feries 14-- — *+! 
-*" + &c.on 4- -*;+ 1 Hh - 4 .+ &c. &c. always converge, 



2.3-4.5 2 3 3 4* 

whatever may be the value of x ; but it may be obferved, that 

thefe feriefes never arife from the expansion of algebraical 
functions of x, or the before-mentioned fluents ; but, in a few 
cafes, they may from Huxional equations. There are alfo 
feriefes which never converge as 1 + 1 . zx + 1 . 2 . 3** 
4- 1 .2.3. 4*' + &c. to which the preceding remark may be 
applied. 

3. In the year 1757 feme papers, which contained the firfl 
edition of my Meditationes Algebraicae, were fent to the Royal 
Society, in which was contained the following rule, viz. let S 
be a given function of the quantity x, which expand into a 
feries {a -f ix m -J* ex lm + &c.) proceeding according to the dimen- 
sions of x ; in the quantity S, for x n write <xx m , 0x™, yx m , &c. 
where «, P, y, &c. are roots of the equation x" — 1 «o ; and 
let the refulting quantities be A, B, C, D, &c. then will 

A + B + C + D+&C. , , - ■, r r . r a 

• — - — ! be equal to the fum of the nrit, a«+ 1, 3»+ 1, 

Sig. terms in infinitum, This method, in the preface to the 

E e e a laffc 
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laft edition of the Medijtatiqnes Algebraicae, is rendered more 
correct and general. 

4. Let the fum of a feries required be expreffed by a func-? 
tion of a quantity ss,, the diftance from the firft term of the 
feries, then will the general term be the difference between the 
two fucceffive fums generally exprefled. 

5. Let the general term be an algebraical function of a: 

1 ft, let it be — a . - T j- ' ■ , '—? = T, where m 

' z-\-e . z+e+i . z + e+2 . . . z + e + n—i ' 

and n are whole numbers; and m (if the fum of an infinite 
feries of terms is required) lefs than n by two or more: 



then 


the 


general' 


term 




«!8 B, + i!z'*- , +&C. 
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whence if 

















«+* + 2 . z+e+3 . z+v+4. . . z + e+n-i=:z''~ z + Az' !r ~3+Bz*'~ 4 +&c.j. 
'z + e + 3 . z+1+4. . z + e+$ . . . z+e+n- i=z s ~ 3 +AV~ 4 + BV"" 5 +&c; 
z + e + 4.. z + e+5 .. . . *+*+.*- ir:*"' 4 + A"z , S+W' z '— 6 +&C. and fo 

on; then, if m — n- 2, will y = a, ^ — i—yA y t~c~ SA'-yBj 
^=^~£A // ~^B , -^C, &c; whence the integral Jn infinitum, 

or fum of the infinite feries, will be -— -+- ■ —• + 

z + e 2..z + e.z + e+i~ 

+ &C 



3 , Z + « . S5+H-I • »+«+2 

The redudlion of the general term T into quantities of the 
before given formulae was publifhed in the Meditationes, printed 
in the year 1774. It was before reduced into formulae of the 
fame kind nearly by Mr. NiCHOtE in the Paris Ads. 

2d, Let the general term be T' = 

oz h +iz b ~ , + cz l '- 2 -i-^c. ^ 

»f<,»+l+I,»-|-(+J.,.«+«+»-lX*+/.K+/+!,,»+ i /+»-lXK+£.*+rtl..i!.+j:+/-lX2l£ 

where 
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where h is a whole number lefs than » + «* + /+&c. (if it be 
greater, then the fra&ion can eafily be reduced into a rational 
quantity az b — *-«— / — &c, + &c. and a fraction of the before- men- 

tioned kind); then will T' = (^ + ^+^; + &c.) +. 
/_£_ + £ . + £ +& c ^ + 

ViS+* . » + #+■! ^Z+f~. Z+/+-I T x+^ . X+^-f I T«.v..;-r. 






{z+e .z+e + i .z+e-\-2^z+f.z+f+i.z+f+2^~z+g.z+g+i.z-t-g+2 

f .+-&c."i . . . (- - H — 

' Kz+e.z + e+i . . z + e + n—i z+f. z+f+i . . z+f+m— i 

M — ■ — — : , ■ + .&c.) ; whence its integral in in- 

1 Z+g . Z+g+l . • Z+g + l— I • / & 

Jiniium, that is, the fum of the infinite feries can be found 
when a = 0, «' = o, d' — o 9 &c. ; and confequently h not 
greater than » n + m + /+ &Ci — 2 ; otherwife not. If b is not 
greater than n+m + l+ Sec: - 2, then will a, + «' + «" + &c. = o, 
for elfe the fum would be infinite. 

Let thenumber of .quantities (/?, f, g, Sec.) be r, then from 
r independent integrals of a feries, whofe term is T' ; or 
from (r- 1) independent fums of infinite feriefesj whbfe term 
is T' ; that is,, where h is not greater than n + w + I+&c- 2 ; 
can be deduced the- fum of all infinite feriefes of the before- 
mentioned formulae, whofe general term is T'. . 

If any factors are deficient in the denominator, as fuppofe the 
term to be z+exz+e+3 xz + e + n- 1 ; multiply the nu- 
merator and denominator by the deficient fadtors, viz. by 
%+e+i . z + e + zxz + e + 4 . z + e + 5 . . z + e + n- 2, and it 
acquires the preceding formula ; and fo in the following 
examples. 

3d, Let the denominator be x + e x x + € 4--1 : a 

-V- 



x + e + z .....x + e + n~i x x+e +p : x x -j- e + p 4- 1 x 



39© Dr. Waring on the 



-7? 



x + e + jj.-\- 2 x &c. x * +/ * x +/+ i x x ■■+/■+ 2.. K 



x+f+m- i x &c =D, where w, ?/, g>, '&c; p, &c. are 

whole numbers; and the general term is ^jL^™_ZlL-__ 

~T" ; then, if the dimenfions of z in the numerator be 
lefs than its dimenfions in the denominator, will T":: 



( 









+&c.") +( - + — 7 — + &c.) + &c; 

and in general there will be included all terms of the formula?, 

(z + «) ? • {z + e+iy • • . (z + e + i) f 

B(( Z +/+^-(g+/),0 &c# 

(z + f + f*)*'-. (z+e + t*+i) p • • • (z+« + /*+*'") ? 
where A, B, C, &c. a, V, Sec. p, /3', &c. y, 0, Sec. denote in- 
variable quantities; and p, p' t p", Sec. are whole numbers not 
greater than «■, f, #•', &c. refpeclively ; and /, /', i r \ Sec. are 
whole numbers not greater than »■- • r, m- i, Sec. 

If all the quantities a, «', a", &c. /3, /3', /3", &c. &c. are 
; «=o, the fum of the feries can be expreffed in finite terms of 
the quantity z, otherwife not; and alfo if h be lefs than the 
dimenfions of z in the denominator by two or more, then will 
m + jG + &c» = o, otherwife the fum would be infinite. 

From 7r -{- it' + £ ■+ &c. — i independent fums of infinite fe- 
riefes of this kind can be deduced^he fums of all infinite 
■feriefes of the fame kind. 

a This 
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This method may be extended to infinite feries, in which 
exponentials as e* are contained, which will eafily be feen from 
fome fubfequent proportions ; but in my opinion the fubfequent 
method of finding the fum of feriefes is to be preferred to the 
preceding one, both for its generality and facility. 

6. 1. Let the general term be (az b -{-bz b — T + cz b ~ 1 + Scc.) x\ 
(z+e)— 1 . (z + tf+i)- 1 . (z+e + 2)- 1 . . . (z + e + n-i)— '; 
where h is a whole number lefs than n by two or more, when 
the fum of an infinite feries is required. 

Aflume for the fum the quantity (z + e)" 1 . (% + <? + 1)— * . 
(z + e + 2)- 1 . . . (2: + e + n - z)- 1 x (a.z y + fa 1 *'- 1 + yz b '-z + &c.) ; 
find the difference between this fum and its fucceffive one 
(z + e+i)* 1 . (z + e + 2)- 1 ..(z+<+.3)~ x • •• (z + e + n-1)- 1 
x(ctz + i +0z + i. + &c), which will be ~(z + e)~* . 
{z + e+ i) _I . (z + e+,2)- 1 . . . (z + e + n- i) -1 x (z + ex\ 
(az+7 + I3z+i'~ l + &c.) —-z+-e + n—i x (uz v + jGz*'- 1 + &c.) 
= ti - n + 1 <xz h ' + &c .) ; then make the terms of this dif- 
ference equal to the correfpondent terms of the given quantity 
az h + t>z h - r +&c. and there refult // = /&, — A—n+.i x u=a, and 

confequently « = 73— -t~ > ^ c " 

2. Let the general term be (z'+'e)'- 1 . (z+<?+i)- r . 

(k + ^+2)- 1 . .. .(* + * + »- i)- 1 x (z + fy . («+/+.£)-» . 

Qs+f+2)- 1 ... (z + f+m-1)- 1 x (^+^z*~ I +cjs 4 -*+-&c.). 

Aflume the quantity (z +-e)- J . (z + e+ i) _I . . . (z + e + n - 2)— 1 
x(«+/) _I • O+/+0 -1 • (•«+/+ 2)- 1 . . (z+f-hm-2)-* 
x(a,z h ' + &z h '- 1 + <yz h '- 2 +&c.) for the fum of the feries fought % 

and thence deduce the general term, which fuppofe equal to the 

given general term, and from equating their correfponding parts 

eafily can-be deduced the index h' and co-efficients a } j3, y, &c 

and confequently the fum of the feries fought. 

3. Let 
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3. Let the general term reduced to its loweft dimenfions be 



z+exz+e+i ... z.+ e : +n— 1 xrz+f xrz+f+r x 
rz +/+ ir e „ .. rz+J + m^~ir ' x %-\-g °xz+g+i ' x . 



z +g + 1 - 1 x &c. x (az b + bz h ~" x -f cz h ~ z + Sec). If it be re- 
quired to reduce the term rz -f-/ \ &c. to a conformity with 

the reft, for rz +f , &c. fubfhtute z+ *• x r~t 9 Sec. and it 
is done. AfTume for the integral or fum the quantity 
S^x+e* ,% + e+i . . z + e+n— 2" x rz+f e . rz + r+f~* . •« 



;-e 



rz + m-2r+f x»+g xz+g+i . . . z+^+/-2" x! 
&c. x (az 4 ' + jQz 6 ' -1 + &c.) = S, find its fucceffrve fum by writing 
z+ 1 for % in the fum S, and let the quantity refulting be 
S' ; then will the general term be S - S', which equate to the 
given general term, that is, their correfpondent quantities ; 
and thence may be deduced the index h' and .co-efficients a, @ f 
&c. ; and confequently the fum fought. If the feries does not 
terminate, then the fum will be exprefled by a feries proceeding 
in infinitum, according to the reciprocal dimenfions of z. 

From tf + f +<r+ &c. - 1 independent integrals of the 
above- men tioneel kind can be deduced the integrals of all quan- 
tities of the fame kind ; that is, where h is any whole affirma- 
tive number whatever, and the co-efficients a, b, c t Sec. are 
any how varied. 

If any -facTror z+g In the denominator, &c. has no other 
z +g + I—i, which differs from it by a whole number/- 1 ; or 
the fa&or r%+f has no correfpondent faftor rz +f+ mr, where 
mh a whole number ; then the integral of the above-mentioned 
feries cannot be exprefled in finite terms of the quantity z. In 
like manner, if the dimenfions of z in the numerator are lefs 

than 
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than its dimenfions in the denominator by unity, then the in- 
tegral of the general term .cannot, be expreJpTed by a finite alge- 
braical function of 2. If the number of terms to be added be 
infinite, it is well known that the fum in this cafe will be 
infinite. 

It may be obferved, that in finding the fum of a feries, 
whofe general term is given, all common divifors of the nume- 
rator and denominator muft be rejected, otherwife feriefes may 
appear difficult to be fummed, which are very eafy : for exam- 
ple, let the feries be - 1 f -5 + — D — 2 

r ' 1. a. 3. 4. 5 4. 5. 6. 7. 8' 7. 8. 9. 10. 11 

4-&c. = — / - + 1__ + — — i + &c), whofe 

3X1.2.4.5 4.5.7.8 7.8. 10. 11 <" 

general term is ^^ -j±i— _— . and by affuming, as 
is before taught, 32+1 x 32; 4- 2 x « for the fum fought ; 



—1 — 1 



and finding its general term 32+1 x 32; 4- 4 x 32 4- 2~ x 

32 4-5 x iBz+i x a, which equating to the general term 

given, there refults i8«=r, and the fum fought = — x 

18 



32+ 1 . 33+2 

Ex. 2. Let the "feries be + ^ — > — 4. 

1.3.3.4.5 5.6.7.8.9 

SS , HQ . &c a i /JL + _JL + 

9 . 10 . 11 . 12 . 13 13 . 14. . 15 . 16 . 17 * 24 V 1 . 5 5 . 9 

— - — (- 1- &c), of which the general term is — x 

9. 13 13- *7 ' '' & 24. 

; and confeqiiently the fum deduced is — x 

4%+i . 4« + 5 * J 24 

1 1 

- x 



4 4a + 1 

Thefe are feriefes given by Mr. De Moivke, and efteemed 
by Dr. Taylor altioris indaginis. 

Vol. LXXIV. " F f f Some 
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Some other writers have made fome feriefes to appear more 
difficult to be fummed, by not reducing them to their lowed 
terms. 

*7. Having given the principles of a general method of find- 
ing the fum of a feries, when its general term can be expreffed 
by algebraical, and not exponential, functions of z, the dis- 
tance from the firft term of the feries ; it remains to perform 
the fame when exponentials are included. 

I . Let S the fum be any algebraical function of % multi- 
plied into e* = x* ; then will the general term be Se* — fSV" = 
(S - eS') e x ; whence, from the general term TV being given, 
affume quantities in the fame manner (with the fame denomi- 
nator, &c.) as when no exponential was involved, which 
multiplied into e x , fuppofe to be the fum ; from the fum find 
its general term, and equate it to the given one by equating 
their correfpondent co-efficients, and it is done. 
Ex. Let the general term be -~^Lti-_. x ^+ r . a flu me f or 

the fum fought —~ x e s+ ', whence the general term is 
f — \ e - _i_^ ±- — . x e *+i . equate it to the 

\ZZ+t 2Z+3/ 2JB-J-I . 2Z + 3 X 

given term, and there refults 2a (i — e) = i and 3«-«?=a, 
and confequently <?=.§. and «= £, if the feries can be fummed. 

The fame obfervation, viz. that if any factor in the deno- 
minator or irrational quantity have no other correfpondent to 
it; for example, if the factor be z+g, and there is no cor- 
refpondent one x+g+fty where n is a whole number, then its 
integral cannot be expreffed by a finite algebraical function 
of %. 

In the fame manner may the fums be found, when the terms 

are exponentials of fuperior orders ; for the exponential, irra- 

6 tional, 
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tional, &c. quantities in the denominators of the funis may be 
eafily deduced from the preceding principles ; and thence, by 
proceeding as is before taught, the fum required. 

The principles of all thefe cafes have been given in the 
Meditationes. 

8. Mr. James Bernoulli found fummable feriefes by 
affuming a feries V, whofe terms at an infinite diftance are 
infinitely little, and fubtra&ing the feries diminifhed by any 
number (/) of terms from the feries itfelf, &c. 

It is obferved in the Meditationes, that if T (w), T (m + »), 
T (tn + n + n / ),'T(m + n + n / + n n ) > &c. be the terms at m, 
m+n, m + n+n', m + n + n' + »", &c. diftances from the firft, 
and aT (w) + bT (m + n) +cT {m + n +»') + dT {m + » + «' .+ 
»")+&c. be the general term, it will be fummable, when 
a + b+c+d+ Sec. = o; the fum of the feries will be a(T-(m) +T 

( w ^_ I )_l_T(w+2)-f . . . -fT(«4-«-i-« / 4-» ,/ 4-&c.~i)) 
+ J-(T(» + »)+T(«i + » + i) + T(«+»-hO+ . . . +T 
( w -j_«4.»'-|.^'4-&c.-i))- r -<T(/«-f»+« / )+T(w+«-f«'4-i) 
+ . . (T(w-f-»+» / +»' / +&c.~ i))4-&c. = H. If the fum 
a-\-b-\-c-^d-\-&ic. be not = o, and the feries T(m)4-T(w-|~i) 
-\-T(m-{-2)-\-Scc. in infinitum be a converging one =» S, then 
will the fum of the refulting feries be (a-\-b^-c-\-d-\-&CQ^ 
S - (b+c+d + Sic.J (T w . . . + T*H-»-») - (c + d + &c.) 
(T*+" . . . T-+»+*-*)_ (i/-h&c.)(T" i +' , +' , '4- . . . T ffl ^H-»'+»-i) 
~&c. 

8. 2. Let the feries V confift of terms, which have only one 
factor in the denominator, and its numerator = 1 ; that is, let 

the general term be — i-, and the feries confequently 

o rz + e 

L-O-^L. — L—l — l&c. — V ; from the before-mentioned addition 

e r~\~e 2r-f * ' 

or fubtra&ion there follows ~V~1 ; — — + „ ■! 1 ;4- & c * s 

rz + e • rz+r + e ' rz + zr + t 
F f f 2 w" + 
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az +Sz +yz +&c. 



, . , - — ; where m is not greater than the 

r2!+f . rx. + r-\-e . rz + 2r + e . &c. D 

number (N) of factors in the denominator diminished by unity. 
From <*, 0, y, Sec. r and e being given, eafily can be acquired by 
fimple equations, or known theorems, the required co-efficients 
a, b, c, &c. If m = N — i and « and tf-{~^+ <: -H J M" , & c '- :=0 » 
then the fum of the feries reful ting* will be finite. 

8. ?. If the terms of the feries afTumed - j- — 

-f- &c. be alternately affirmative and negative; then 



by the preceding cafe find - 



m . m — i i» — i 
az> +(32 +yz -u &c. 



z + e . rz-{-r-\-e . rz + 2.r-j-e+ &c. 



__f — }_, » 1 i— . _i_ & c . Where the terms: of the refult- 

rz + e rz-{-r + e rz + 2r + e 

ing feries are alternately affirmative and negative, let the 
two fubfequent terms be fuppofed 



B2 -fffs +y» + &c * 



-f- &c. and 



rfz+V . rz+'r + e . . . rz-\-n — ir + t 

• ii ■ ■,« w — I — — m— % 

az+l -fjSz+I +yz+I + &c -_ 

rz + <? ' rz + r-\-e ' """ rz + r+e . rz+<ir + e . . . rz + nr + e~~ 

— f 1_ 1_ &c. of which the one is affirmative and the 

rz+r-{-e ' rz-Yzr-\-e 

other negative : reduce, the refulting leries to an affirmative one 
by fubtracting the fubfequent term from its preceding, and it be- 

(rz+.nr+e) («z"+&z m ~ l + &cc.) - (rz +-e) («g+ i" + 8z+ i" , ~ I +&c. ) 

comes — - — ; j— — ; ——————» 

rz+e . rz+,r-\-e . rz-frzr + e . . . rz + rn-\-e 



n — mrxz +&c. a , b — a 



i l & c In this 

'— rz + e . rz + r + e . . rz + rn+e rz + e 'rz + r+e 

cafe, fince two terms are added into one, the diftance from the 
firft term of the feries will be - , which fuppofe = w ; and write 
2w for % in the above-mentioned term, and there refults 



n—mra.% +&c. n~mra.y,2 w +&c 



rz + e . rz + r + e . . . rz+nr + e zrw+e . zrw+r+e . . . zrw-^nr + e 

a 
zrw + e 
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£ 1 H__ — t.&c. ; whence the fum of any feries, whofe 



WW 

m — I 



general term is aw + *" a ' — " 1 " xc - , where /» is a 

whole number lefs than n by two or more, and <w the diftance 
from the firft term of the feries can be found from the fum of 

the feries -~A — - — f-&c. 

e r-\-e 2r-{-e y+e 

o. Let there- be two feriefes - A — — _l_J j. &c. = S and 

e e+r e + 2r 

-+v- — \r-~ — r-T-— + &c.=S'\ whofe general terms are re- 

/ f+r f+2r f+y ° 

fpe&ively -\ and + ; then from the fum of thefe two 

e + rz f-\-rz 

feriefes can be collected the fum of any feries,. whofe general 
term is 

a Z. m +:gz m - T + &L 

rz+e.rz+;e+,r .rz + e+2r .. .rz-±-n-ir + eXrz+f . rz + r+f. ..rz+f+m-ir 



+ 



rz+e rz+e+r l rz + e+2r'" rz ^. n ^ lr + e rz+f tz+r+f 

c' ' 

"i ■"■' » r> •■••■+ === ; where e-f is not a whole uum- 

rz +-2r+f rz + m _ lr+ f' J 

ber. Let tf-j-^-K • • +^=-°» and #'+■£' + c' . .. -\-^ — o, then 
the fum will be a (— — i ~ — •.. -j -4— \A-b ( — — — 

\rz + e rz+r + e r% J i : n — zr j i . e J \rz+e + r 



+ - • • • -1 — — )+C ( j - 1- . . -f 

rz + e+.2t rz ^-„_ 2 r + «/ \rz + e + zr rz+e + y 

JL* ) + &c. + a(— + —l =L= ) + N 

rz + n-2r + eJ \rz+f ' rz+r+f rz+m-zr+f s 

( — 1 — r -,+ • • • -i -4— W&c. 

\rz + r+f rz + m - 2 r+f J 

2. If the feriefes are 1 &c.and4; - — — 1 — — - — 

e e + r e+2r f f-\-r ' f+2r 

'— &c. ; then from the fum of thefe two feriefes can be collected 
by the principles- given above the fum of any feries, whofe 
general term is 
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trz-\-e. zrxi-\-r-^e .2tSi-\-zr-\-c . . , irz-J-/;— 1. -\-e X 2' «+/ • 2'»+ r +/ • 2>'*+2'+/ • •• »'»+»'— 1'+/ 

The fame principle may be applied to find the fum of any 
feries of the abovementioned fort, in vvhofe denominator are 
contained other factors, rz+g, rz+g + r, &c. &c; or 2rz-\-g t 
2rz + g + r, 2rz+g+2r, &c. Like propofitions maybe de- 
duced from feriefes, in which r and r', &c. and the factors 
rz + e and r'z+g, &c. denote different quantities. 

10. An apparently more general method may be given from 
afluming a feries or feriefes as before ; atid adding every two, 
three, four, &c. (n) fucceffive terms together for terms of a 
new feries beginning from the firft, fecond, third, &c. « tU 
term ; and in general adding together two, three, Sec. n fuc- 
ceffive general terms ; and in their fum writing for % the diftance 
from the firft term of the feries 2% + a, 3% + a, &c. nz + a% 
there will refult the general term of a feries not to be found 
from the above-mentioned addition. 

Ex. Let the feries affumed be 4+I+4+I + &C. in infini- 
tum, of which the general term beginning from the firft is 



add three fucceffive general terms 1 1- — 

O <y. J- T -7. J. O f. J 



I 



z + i ° % + i z + 2 2 + 3 

■= ? % +I f z+l1 ■ ' in this term for % write -iz. and there 

SS+I . Z + 2 . %+3 ° 

refults — , 2?a 3 , ^tlL. . In the fame manner, if the 

3*+i . 32+2 .32+3 

beginning is inftituted from the fecond or third term of 

the given feries, the terms refulting will be ~? z +I z+ 2 — . 
& ' ° a-l-2 . z+3 . z + 4 

and ~~ + a 4 z +47 t j n thefe terms for z write qz, and there 

z+3 . a + 4.. z+5 •> ' 

refult 27^+5 4^+26 , 27^+722+47 

32+2.33+3.315 + 4 32 + 3.32 + 4.32+5* 

If 
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If the terms of the given feries are alternately affirmative and 
negative, the terras of the refulting feries will be alternately 
affirmative and negative, if n be an odd number ; otherwife its 
terms will be all affirmative. The fum of this feries will be 
finite or infinite, as the fum of the feries 1 + \ + :.* + | + &c. is 
finite or infinite ; but from it, by the preceding method of addi- 
tion or fubtraction of Mr. Bernoulli's, or a like method applied 
to more feriefes, may be found the fums of different finite feriefes. 

It may be obferved, that from Mr. Bernoulli's addition or 
fubtraction can never be deduced the feriefes which arife from 
this method ; for, by his method, the denominator can never 
have any factors but what are contained in the denominators of 
the given feries, viz. (in the feries i. + I + -? + &c. ) , % + /, where 
/is a whole number; but by this method are introduced into 
the denominator the factors 2% 4- /, 3% + /, &c. and //% + /, or 

which may be reduced to the fame (z + - ) x n. 

If n fucceffive general terms of the feriefes arifing from Mr. 
Bernoulli's addition or fubtraction be added together, and in 
the quantity thence arifing for z the diftance from the fi-rft 
term of the feries be fnbftituted nz, there will be produced 
feriefes of the above-mentioned formula. 

1 1 . Multiply two converging feriefes a + bx + ex" + dx* + &c. 
"= S and a + Bx + yx z + &c. = V, or find any rational and inte- 
gral function of them, and the feries refulting will be finite 
and = S x V, &c. Let a. + fix + yx % + &c. x m = V be finite, and 
the refulting feries will be finite and = S x V, &c. If S be a 
feries converging or not, whofe ultimate terms are lefs than 
any finite quantity, then will the feries (a + bx + cx t + &c.) x, 
{« + fix + yx z + &c. r) = VxSbea converging one, if * + (ix + \ 
yx l + . . , &c. x m = o ;. which cafe was given by Mr. De Moivre. 

Mr, 
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Mr, Bernoulli's addition, &c. can be applied to feriefes of 
this kind. For example, let the given feries be- +— — x + 

,1— „v s + &c. = S. From this feries fubtract the fame feries di- 

<+ 2 

minimed by m terms, -viz, x m -\ x m + t 4 # w + e 

J e + m e+m+x e-\-m+z 

+ &c. and there -remains '+"-**" + i±H±lZl±l£ x + ) 
l±^±izJ±JfL^ + i±^±lzi±iLx^ + &c t ; for** write A, 
then will the feries become ^=^L + ;+"+'--'+» A (V + 

e.m + e e+l.e + ?n-]-i 

* + m+2-7+ZA x * + ti^±3zI±3A *» + &c . _ J . JL. *. + 
*+2.<4-« + 2 « + 3.* + »» + 3 * *+i 

fcV • • • » ' ■- tV .■• 



Let the general term be ** m + hT-> +*!-*+ &c. x ^ 

° Z + ^.Z + ' + I . Z + ^+2. ..% + * + » — I 

'= f-!-+ -rr + tt * * ' -r-r — ) *"• Suppofe £ = 0'*, 
y**y f x\ $=lx*, . .X-XV- »i then will the fum of the 

above-mentioned feries be (a+jQ' + y' + J' + &c.) x S- — 

(/3' + y' + ^ + & c -) ~ ^- (/ + * + &c -) ~ j~ (7 + &c) - &c. 
From the fum of the feries ~ — f-~ &c. by thefe 

and the principles before delivered can be deduced the 
fum of any feries, whofe general term is 



2%-f <> . zz+e+i . 2Z + t + 2 . 2a+«+3X&c. 



X*. 



In like manner from the fum of the feriefes - +— — [ — ?__ 

+ &c. £ + _**- + _£- + &c. *+-£L + _? 3 _ + & c . & c , can b e 

deduced 
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deduced the fum of any feries, whofe general term is 

. az m + bz m ~" t + &c , 

[x x\ 

And alfo from the fum of the feriefes ;-:* + —•—-* & c » 

I -_L_4-_ff!__&c. ^_ + J-__&c. &c. can be deduced 

/ /+ 1 /+* g ~g+* g+2 

the fum of any feries, whofe general term is 



az m +bz m ~ l + Scc. 



XX' 



2z+e . 255 + *?+ I . &C.X22+/. 2Z+/+ I . &C. 2z + g . 2Z+g+l . &C. 

The method of adding more terms of a given feries toge- 
ther, as before taught, may be applied to thefe and all other 
feriefes. For example: let the given feries be i+ix + ^.x % 
+ $x 3 + &c. ; add two terms conftantly together, and it becomes 

23.4.5-6 % 3*4 
6+cA . . , , , t • 2a4-2 + (2«+0 
— ~» 4 + &c. whence the general term is az + 2 " 

~-^— a" 5 . From the methods before given of addition, fub- 

22+ 1 ° 

traction, and multiplication j and the feriefes found by this 
method, can be derived feriefes, whofe fums are known. 

12. Suppofe a given feries ax" + bx"± s + cx"^- u + dx n ^ s + &c. 
whofe fum p is either an algebraical, exponential, or fluentiai 
fluxion of x ; multiply the equation p — ax" + £.V±' + cx"±" 4- 
dx"±y + &c. into x± r ~ ", and there refults ax± r ~ "p = a*± r + ^v± r ± ! + 
^v ±r ±" + &c. ; find the fluxion of this equation, and there 

follows- multiplied into the fluxion of the quantity (v± r ~"/>) 

ss-dfcrtfwi"- 1 + (dbr=tj) /5x± r ± ! -' + (j=s=r& 2 j) «± r ± 2 — ' + &c. 

of which the general term is (^i=.r+zs) xt, where z denotes 

the diftance from the firft term of the feries, and / 

Vol, LXXIV. G g g is 
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is the terra in the given feries, whofe diftance from the firft 
is % In the fame manner may be deduced the fum of a feries 



whofe general term is /' x ± r d=. zs x d^r'^z+ns, or by re- 
peated operations t' x ez 2 +J'z -\-g $ where t' is a term of the 
given equation, whofe diftance from the firft term is z. And 
in general, from the fum of a given feries, whofe fluxion can 
be found, and whofe general term is t' t can be deduced by con- 
tinued multiplication, and finding the fluxion, the fum of a 
feries or quantity,, of which the general term is At' ', where A 
is any function, of the following kind a'z m + b'z m - l 4- c'z m ~ 2 -f- &c. 
in which z denotes the diftance from the firft term of the feries,. 
and m a whole number. It is to be obferved, that if the given 
feries converges in a ratio, which is at leaft equal to the ratio 
©f the convergency of fome geometrical feries, the refulting, 
equation will always converge. But if in a lefs ratio, then 
it will fometimes converge, fometimes not, according to the 
ratio which the fucceftive terms of the refulting feries have 
So each other at an infinite diftance* 

Corollary. P - > + * - fi * * - P + 3 • • P + * a 

-' r . r + i . r ; + 2 . r + 3 . . r + 55 
,+ *. p + *- l . fi + «-*.p±*- 3 ... x + r+i j f _ b m 

r . r+i- . r+2.. r+3- p—\ ' r 

affirmative number ; but this latter quantity has the formula 
above-mentioned az m -{-i>z m —*+<:z m ~-3-\-&cc. ; and confequently, 
if the fum of the feries a + i>x' +.-cx" + dvV + Scc.=p be known, 
by this method can be deduced the fum of the feries 

n + t bx> +tLt±J cx » + P.'P+*.P + 2 dxV + &c . 
r r . r+i r . r+ I . r-fc-2 



_, ~. -I . m x , m , m—n . m m~n 

J v n a n in n Zn 

-^3„v 3 -h&c.)j.: multiply the fucceffive terms- of this feries 



3" 

into 
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into the terms of the feries 1, £ , £-i£±I &c. and a feries is 

deduced a" +- — a * x+ ^ - m-u- — # « 4- &c. 

r . a r f r+i . «. 2« 



whofe fum is known, if the fum of the feries = a + x "is 
known* 

Ex. 2. If the feries begins from the /+ i th term of the above- 
mentioned binomial theorems — f-- a fl-I tf + &c, viz. the 

n n 

feries be HxH — ==- + -== H — rr— ' -5 + & c " 

/+2» « 1+31 « /+4« « 3 

of which let the refpe&ive terms be multiplied into 1, 
t P'P+ l & c t there will refult a feries whofe fum is known. 

r ' r . r + i 

Ex. 3. From the rule firft given by me for finding the fum of 
the terms at h diftances from each other, the fum of the feries 




*£+Hi? ...£^52?£ + &c. where P denotes the co-effi- 

l+b+^n l+2h+in <T 

cient of the preceding term, can be deduced ; and confequentljr 
the fum of the feries deduced from multiplying the fucceffive 

terms of this' feries into the quantities 1, £ , ~"7rv> &c * re * 

fpe&ively. 

The general principles of this cafe were firft delivered by 
Mr. Bernoulli, Mr. De Moivre, Mr. Euler, &c. 

12. Affume the feries a + bx» + cx in + &cc. =/, multiply it into 

a 1 *- 1 *, and find the fluent, then will 1 x'f- \j x ^ ss Z ax * + 

G g g 2 
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— L.&H-* + _ ?— <r#»+* B + &c. ; multiply this equation into 
x P—*—ix t and find the fluent of the equation refulting, which 
will be J x I ^ - I . I /V>- - x - 1 - **- /Vtt + - . ~ 

fxH= I . I ax^-L . JL ^+» + _L_ . * c &+ u + &c; ; 

divide by a.' 3 , and there refults -? . - p + — . -L-»f- a / «•£ + 

- 1 (3 a * a. a— # «y * - 

J'W-« x ~ r 'f x 'i= I' \ ^ + ^.^_-^ + &c.; and in gene- 
ral i. I. i .&c.^+- .— s .—x-*fxy+ I* " . 

&C.^-' 3 />/>> - . ~ , &C. *-y /W=r i . | . -&C. 

a + JL_ . _L_ . J- &c. bx» +~ . gi— . * ,., &c. r* M + &c. 

whence the law. of continuation is immediately manifeft. 

Hence, if no two quantities a, (3, y, ' $, Sec. Be equal to each 
other ; and the fucceffive terms a y b f c, d, &c. of any feries 
a + bx" + ex 1 " + &c. -p be divided by «./2. y. S. Sic. ;,a+.n ,~$+.n . 
y + n . l+n . &c. ; a+zn . (3+zn . y+zn .Z+zn . &c. &c. ; 
and in general by u + nz . fi + nz . y + nz. ..$+nz . &c. &c. ; 
then can the fum of the feries be found from the fluents of the 
fluxions x*p, x^p, x?p, x*p\ &c. as has been obferved in the 
Meditationes. If two are equal, viz. «~/3, then alfo the 

fluent of the fluxion^/ x"p is required. If three are equal 
viz. a—$ — y\ then it is neceflary to find the fluent of the fluxion 
'1 fl fyrp.r and fo on. 

I;.. Let/ = — — ; and if the differences of the quantities «, 

@, y r \ &c. are divifible by n, from the fluent of the 

fluxion 



Summation &f Series, 40 r 

fluxion x*p can be deduced the fluents of all the other fluxions 
x$p y x>p, &c. ; and in general, if « - /3 is divifible by », then 
from the fluent of the fluxion x a p can be deduced the fluent of 
the fluxion xPp. 

2. Suppofe p =5 the terms of the binomial theorem ex- 
panded according to the dimensions of x y viz, (a + h") - —■■ 

r r 

a' + - a' Ix' + Scc. beginning from the firft or any other 

terms ; then, if «, 0, Sec. divided by n give whole affirmative 
numbers, will all the fluxions x"p, x^p, wp, &c. be integrable; 
and if the differences of the quantities a, 0, <y, £, &c. are divi- 
fible by », from the fluent of the fluxion x"p can be deduced 
the fluents of the fluxions x^p, . xxp, &c; 

If p denotes the fum of the alternate or terms whofe diftance 
from each other are w,,of the binomial theorem, the fame 
may be applied. 



3. If p = a + bx n +. cx in ' ; and «$ - & . y, £, &c. divided by.» 
give whole affirmative numbers, then from fx°p can be de- 
duced all the remainder 7V^ Tx^p, &c. : and in general, from 

two can be deduced all the remainder. 

To find when the fum of any feries of this kind can be 
found, add together each of the fluents, which can be found 
from each other, and not otherwife, and fuppofe their fum = o ; 
and fo of any other fimilar fluent, and from the refulting 
equations can be discovered when the feries can be integrated. 

13. If the general term of a feries contains in it more va- 
riable quantities, z, v, <w, Sec. ; then find the fum of the fdries, 
firft, from the hypothecs that one of them («) is only varia- 

bla, 
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ble, which, properly corre&ed, let be A; in the quantity A 
fuppofe all the quantities invariable but fome other v, and find 
the Turn of the feries thence refulting, which let be B, and fo 
on ; and the fum of the feries will be deduced. 

Ex. Let the term be ■ ; — ; the dimenfions 

•of z and v, &c. in the denominator muft be at leaft greater 
than its dimenfions in the numerator by a quantity greater 
than the number of the quantities ss, v 9 &c. which proceed 
in infinitum increafed by unity. Firft, fuppofe % only 
variable, and the fum of the infinite feries refulting will be 

= A ; then fuppofe v only variable, and the fum 

Z . V . V+l . V+2 rr J 

refulting will be r— — B, which is the fum required. 

° 2Z . V . V+ 1 ' i 

If it be fuppofed, that the quantities % and v, &c. in the 
fame term fhall never have the fame values, then fuppofe 
% and v always to have the fame values, and the general term 

becomes ==r - ■ *> of which let the 

SZ . Z+I . V. V+l . V+2 z Z .Z+I . Z + 2 

fum be V, then will B - V be the fum required. 

On this and fome other fubje&s more have been given in the 
Meditationes. 

14. If the fum of the feries cannot be found in finite terms, 
and it is neceffary to recur to infinite feries ; it is obferved in 
the Meditationes to be generally neceffary to add fo many 
terms together, that the diftance from the firft term of the 
feries may confiderably exceed the greateft root of an equation 
refulting from the general term made ~ o ; and afterwards a 
feries more converging may commonly be deduced from 
.the fluents of fluxions refulting from neglecting all but the 
:greateft quantities in the general terms refulting ; and by other 
2 different 
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different methods. Mr. Nicholas Bernoulli and Mr. Mom- 
mort investigated the fum of the feries (P) A+Br + Cr'-f 

&c. by a fenes (Q.), — +( -_ l + ^^ 3+ ^_ + & c . ; 

where */', </", ^"', &c. denote the fucceffive differences of 
the terms A, B, C, D, &c. If r be negative, the denomi- 
nators become 1 +r, (1 + ?")% + r )V & c * 

It has beemobferved, in the Meditationes, that in fwift con- 
verging, feries the feries P will converge more fwiftly than the 
feries Qj in feries converging according to a geometrical ration 
fometimes the one will converge more fwift, and fometimes 
the other. In other feries, which converge more flow, where 
mod: commonly r nearly = 1 , it cannot in general be faid, , 
which of the feriefes will converge the fwifteft* The preceding 
remark, viz. the addition of the firfb'terrris of the feries, is ne- 
ceflary. in, moft cafes of finding the fums by feriefes of this- 
kind.. 

It is not unworthy of obfervation, that in -almoft all cafes of 
infinite feries* the convergency depends on the roots of the 
given equations, which remark was firft publifhed in the Me- 
ditationes. For example : in finding approximates to the roots 
of given equations the convergency depends on how much the 
approximates given are more near to one root than to any 
other; and^confequently, when two or more roots or values of 
an unknown quantity are nearly equal, different! rules are to be 
applied, which are improvements of the rule of falfe. This 
rule, and the above-mentioned bbfervations were firft given in the 
Meditationes Algebraicae efc : Analytic®,, with . feveral other? 
additions on fimilar.fubjecT:s>. 

Manw 
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Many more things concerning the fummation of feries, which 
depend on fluxional, &c. equations, might be added; but I 
mall conclude this paper with congratulating myfelf, that fome 
algebraical inventions publifhed by me have been fince 
thought not unworthy of being publifhed by fome of the 
greateft mathematicians of this or any other age. 

i ft, In the year 1757, I fent to the Royal Society the firfr. 
edition of my Meditationes Algebraicae : they were printed and 
publifhed in the years 1760 and 1762, with Properties of Curve 
Lines, under the title of Mifcellanea Analytica, and a copy 
of them fent to Mr. Euxer in the beginning of the year 1763, 
in which was contained a refolution of algebraical equations, 
not inferior, on account of its generality and facility, to any 
yet publifhed (viz. y—a J/p + b v^* + c ^/f + . . s/p"- 1 ). This 
refolution was publifhed by Mr. Euxer in the Peterfburg A<fts 
for the year 1764. Whether Mr. Euler ever received my 
book, I cannot pretend to fay ; nor is it material: for the fad 
is, that it was publifhed by me in the year 1760 and 1762, 
and firft by Mr. Euler in the year 1764. Mr. de la Grange 
and Mr. Bezout have afcribed this refolution to Mr. Euler, as 
firft publifhed in the year 1764, not having feen (I fuppofe) 
my Mifcell. Analyt. Mr. Bfzout found from it fbmc new 
equations, of which the refolution is known, and applied it to 
the reduction of equations : more new equations are given, 
and the refolution rendered more eafy by me in the Philofbphi- 
cal Tran factions. 2d, In the above-mentioned Mifcell. Ana- 
Jyt. an equation is transformed into another, of which the 
roots are the iqunres of the differences of the roots of the 
given equation ; and it is aflerted in that book, that if the 

coefficients 
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co-efficients of the terms of the refulting equations change con- 
tinually from + to — and — to + , the roots of the given equation 
are all poffible, otherwife not ; and in a paper, inferted by me in 
the Philofophical Tranfa&ions for the year 1764, in which is 
found from this transformation, when there are none, two or 
four impoffible roots contained in an algebraical equation of 
four or five dimenfions ; it is obferved, that there will be none 
or four, &c. impoffible roots contained in the given equation, 
if the lafi term be + or — ; and two, &c. on the contrary, if 
the laft term be - or -f . Thefe obferrations and tranf- 
formation have been fince published and explained in the Berlin 
Acts for the years 1767 and 1768, by Mr. de la Grange. 3d* 
In the Mifcell. Anal, an equation is transformed into another, 
whofe roots are the fquares, &c. of the roots of a given equation ; 
and it is averted, that there are at leaft fo many impoffible roots 
contained in the given equation, as there are continual pro- 
greffes in the refulting equation from + to -f. and — to - . It is 
afterwards remarked, that thefe rules fometimes find impoffible 
roots when Sir Isaac Newton's, and fuch like rules, fail ; and 
that. Sir Isaac Newton's, &c. will find them, when this rule 
fails'. This rule may fomewhat further be promoted by firfi 
changing the given equation, whofe root is x, into another 
whofe root is n/ - .1 x ; but, in my opinion, the rule of Har- 
riot's, which only finds whether there are impoffible roots 
contained in a cubic equation or not, is to be preferred to thefe 
rules, which, in equations of any dimenfions, of which the 
impoffible roots cannot generally be found from the rules, fel- 
dom find the true number. 4th, It is remarked, that rules 
which difcover the true number of impoffible roots require 
immenfe calculations, fince they muil necefiarily find, when 
Vol. LXXIV. H h h the 
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the roots- become equal. In order to this, in the MifcelL Anal. 
there is found an equation, whole roots are the reciprocals of 
the differences of any two; roots of the given equation; and- 
from finding a quantity (ir) greater than the greateft root of the 

given,, and (4 ) greater than the greateft root of the refulting- 

equation, and fubftituting 7r, tt — A, ir—2A, &c. for x in 
the given equation ; will always be found the true number 
of impoffible roots. 5th, In the fame book are aflumed two 
equations (nx n ~ l — n - ipx"~ z + n — zqx"— * — &c. = o and 
x a — px"- l + Scc. — w), and thence deduced an equation, whofe 
root is w t from which, in fome cafes, can be found the num- 
ber of impoffible roots. 

6. In the MifcelL Anal, is given the law of a feries, and its 
demonstration, which finds the fum of the powers of the roots 
of a given equation from its co-efficients. Mr. Euler has fince 
publifhed the fame in the Petersburg Acts-. Mr.DE la Grange 
printed a property of this feries, alfo printed by me about the 
fame time ; viz. that if the feries was continued in infinitum, 
the powers would obferve the fame law as the roots, which 
indeed immediately follows from the feries itfelf ;. but from- 
thence with the greateft fagacity he deduces the law of the 
reversion of the feries ( y — a ■+• hx + ex 1 -f dx* + &c.) : it has fince 
been given in a different manner from Similar principles in the 
Medit. Analyt. 7. In the MifcelL Analyt. the law of a feries 
is given for finding the fum of all quantities of this kind (a* x 
jS" x y x $' x &c. +&c.) where a, 0, y, S, Sec. denote the roots of a 
given equation, from the powersof the roots of thegiven equation. 
This law, with a different notation, has been fince publifhed in the 
Paris A£ts by Mr. Vandermonde ; who indeed mentions that he 
3 had 
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had heard, that a feries for that purpofe was contained in my 
book, but had not feen it. In the fame book is given a method 
of finding the aggregates of any algebraical functions of each of 
the roots of given equations, which is fomewhat improved 
in the latter editions. 8. In the fame book are affumed 

~ — and — — — — , where % is any rational 

fZ. + q% -J-&C. p% +f« +&C. 

quantity whatever for x andjy, the unknown quantities of a given 
equation of two or more dimenfions. 9. In the Mifcell. Analyt. 
a biquadratic (x* + 2px } = qx x + rx + s, of which no term 
is deftroyed) is reduced to a quadratic (x 1 + px -J- n = 
\Sp i + 2n + qx + \/s + n* ;") and in the fecond edition of it, 

printed in the years 1767, 1768, 1769, and published in the 
beginning of the year 1770, the values of n are found 

- — L !li_ and ; and the fix values of y/y z +2n+qr 

refpeftively ~ — — , — » , and their nega- 
tives j and the fix values of \A + » X refpe&ively - ""* ■, a XZ~ , 
- " ' ""- , and their negatives. 10. From a given biquadratic 

(y* + 2y* + H + s — °) by afluming y 1 + ay + b = v and a and b 
fuch quantities as to make the fecond and fourth terms of 
the refulting equations to vanim, there refults an equation 
(u 4 + Ai>*+ B = o) of the formula of a quadratic. Mr. de la 
Grange has afcribed this refolution to Mr. Tschirnhausen; 
but in the Leiplic A£ts the refolution of a cubic is given by 
Mr. Tschirnhausen, bvit not of a biquadratic: his general 
defign feems to be the extermination of all the terms* 

H h h 2 it. Mr» 
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ii. Mr. Euler or Mr. de la Grange found, that if a be a 
root of the equation x" — i = o, where n is. a prime number* 
k, «\ a 3 , . . o>, n ~ l , i will be (?t) roots of it. More on a fimi- 
lar fubject has been added in the laft edition of the Medit.. 
Algebr. 12. It is obferved in the Mifcell. Analyt. that 
Cardan's or Scipjo Ferreus's refolution of a cubic is a refo- 
lution of three different cubic equations ; and in the Medit.. 
Algeb. 1770, the three cubics are given, and the rationale of 
the refolution (for example: if a, /3, and y, be the roots of 
the cubic equation x" -h qx ~- r = q, then is given the function 
of the above roots, which are the roots of the reducing equa- 
tion z 6 - rz 3 = ^ 3 ) ; and alfo the rationale of the common refo- 
lution of biquadratics. 13. It is aflerted in the Mifcell. that 
if the terms (My" + l>y"— t x-$-cy*- 1 x* + &:c.. and Nf" + By m ~ *x -f 
Cy'"~ z x* + &c.) of two equations of n and m dimenfions, which 
contain the greater!: dimenfions of x and y have a common di- 
vifor, the equation whofe root is x or y, will not afcend to 
n x m dimenfions ; and if the equation, whole root is x or y r 
afcends to 11 x m dimenfions, the fum of its roots depends on 
the terms of n and n - 1 dimenfions in the one, and in and 
m— 1 dimenfions in the other equation, &c. It is alfo aflerted, 
in the Mifcell. that if three algebraical equations of #, m y 
and r dimenfions contain three unknown quantities x, y, and 
z, the equation, whofe root is x or y or ss, cannot afcend to 
more than n .m.r dimenfions.. 14. Mr. Bezout has given- 
two very elegant propofitions for finding the dimenfions of the 
equation whofe root is x or jy, &c ; where x, y, &c. are un- 
known quantities contained in two or more (i) algebraical 
equations of w, f, <r, &c. dimenfions, and in which fome of 
the unknown quantities do not afcend to the above 7r, £, 0-, &c. 

dimenfions 
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dimenfions refpecYively. In demonftrating thefe proportions 
he ufes one (amongft others) before given by me (viz. if an 
equation of n dimenfions contains m unknown quantities, the 
number of different terms which may be contained in it will 
be&Tl ,1±*.H+3 tt »+*) . l n the Medit. 1770 there is. 

given a method of finding in many cafes the dimenfions of the 
equation, whofe 1 root is x or y, &c. ; from which one, if not 
both, of the above-mentioned cafes may more eafily be deduced, 
and others added. 15. In the Medit, ; 1770 is obferved, that 
if there be n equations containing m unknown quantities, 
where n is greater than m, there will be n — m equations of 
conditions, &c. 16. In the Mifcell. is given and demon- 
strated the fubfequent propofition ; viz. if two equations con- 
tain two unknown quantities x and y, in which x and y are 
fimilarly involved; the equation, whofe root is x or y will 
have twice the number of roots which the equation, whofe 
root is x +y, x*+y*, Sec. has. In the Medit. 1770 the fame 
reafbning is applied to equations, which have two, three, four, 
&c. quantities fimilarly involved. 17. Mr. de la Grange has 
done me the honour to demonftrate my method of finding the 
number of affirmative and negative roots contained in a biqua- 
dratic equation. -A demonftration of my rule for finding the 
number of affirmative, negative, and impoffible roots contained 
in the equation x" + Ax"' + B = o is alfo omitted, on account of its 
eafe and length. From the Medit. the iavefligation of finding the 
true number of affirmative and negative roots appearsto be as diffi- 
cult a problem as the finding the true number of impoffible roots ; 
and it further appears, that the common methods in both cafes 
can feldom be depended on. But their faults lie on different fides, 
1 the 
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the one generally finds too many, the other too few. 1 8. In 
the Medit. 1770, from the number of impoffible roots in a 
given equation (x* —px*— 1 + Sec. = 0) is found the number of im- 
poffible roots in an equation, whofe roots (v) have any affigna- 
ble relation to the roots of a given equation ; and examples 
are given in the relation '(nx n ~ I -n - ipx n ~ >- + &ic.=zv) ; and 
in an equation, whofe roots are the fquares of the dif- 
ferences of the roots of the given equation. 19. It is obferved 
in the Medit. 1770, that in two or more equations, having 
two or more unknown quantities, the fame irrationality will be 
contained in the correfpondent values of each of the unknown 
■quantities, unlefs two or more values of one of them are 
equal, &c. The fame obfervation is alfo applied to the co- 
efficients of an equation deduced from a given equation. 20. 
In the Mifcell. was publifhed a new method of exterminating, 
from a given equation, irrational quantities, by finding the 
the multipliers, which, multiplied into it, give a rational pro- 
<du<3:. 21. In the Medit. 1770, are given the different refolu- 
tions of a certain quantity (a* + rb i y m+l and (a* + r6 z ) im + 2 into 
quantities of the fame kind. 22. Mr. de la Grange has very 
elegantly demonftrated Mr. Wilson's celebrated property of 
prime numbers contained in my book. In the laft edition of the 
Medit. the fame property is demonftrated, and fome fimilar 
ones added. 23. In the Mifcell. is given a method of finding 
all the integral correfpondent values of the unknown quantities 
of a given fimple equation, having two or more unknown 
quantities; and, in the Medit. 1770, are given methods of re- 
ducing fimple and other algebraical equations into one, fo that 
fome unknown quantities may be exterminated ; and if the 
unknown quantities of the refulting equations be integral or 

rational. 



Summation of Series. 415 

rational, the unknown quantities exterminated may alfo be 
integral or rational. 24. In the Medit. are given rules for 
finding the different and correfpondent roots of an equation, 
whpfe refolution is given. 25. Mr. de la Grange has-recom- 
mended my new transformation of equations, publifhed. in the 
Mifcell. which perhaps is not lefs general nor elegant than any 
yet publifhed ; and in the Meditat. 1770 is given a method very 
ufeful in finding the co- efficients. 

If either here, or in the preface to the Medit. Algebraicae, 
I have afcribed to myfelf any algebraical, or in the properties 
of curve lines any geometrical, or in the Medit. Analyt. any 
analytical, invention, which has been before publifhed by any 
other perfbn, I can only plead ignorance of it,, and fhall on 
the very firft conviction acknowledge it.. 

I muft further add,, that I have been able to carry my alge- 
braical improvements into geometry;, for from them, with, 
ibme geometrical principles added, I have (unlefs I am de- 
ceived) deduced as many new properties of conic fections and 
curve lines as have been publifhed by any one fince. the great 
geometrician Apollonius. 




